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What is Variational Inequality (VI)?

Definition (Variational Inequality)

Given a set X C R™ and a map F' : X — R"”, we say that z* € X solves
the variational inequality, denoted as VI(X, F), if

(x—z")TF(z*) >0, VxelX.

The set of all solutions is denoted as SOL(X, F).

Example:
@ objective optimization: min, f(z) s.t. g(z) <0. (by FF = V)
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What is Variational Inequality (VI)?

Definition (Variational Inequality)

Given a set X C R™ and a map F' : X — R"”, we say that z* € X solves
the variational inequality, denoted as VI(X, F), if

(x—z")TF(z*) >0, VxelX.

The set of all solutions is denoted as SOL(X, F).

Example: VI is much broader than (objective) optimization problem
@ objective optimization: min, f(z) s.t. g(z) <0. (by FF = V)

@ minimax problem: ming maxy f(6, ¢).
@ primal-dual dynamics
e fixed point problem: find 2* s.t. F(z*) = z*.

@ multi-agent RL: multiple coupling objectives, Nash equilibria
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Many well-known algorithms fail for (monotone) VIs

Definition (Monotonicity)

A map F : X — R" is o-strongly monotone if

(F(@) = F@) (@ —y) 2 olle—yl?, Vz,yex.

o For a convex f, we have F' = V f monotone.
o Naively, view F' as gradients in (objective) optimization algorithms?

. trajectory on simplex evolutions of x
Rock-Paper-Scissor example: "~ o
0 -1 1 ,/,’ \\\ 06
Fiz)=|1 0 -1|=
-1 1 0

X = A3 the simplex in R3 o
//I \\‘ 0.2
Teq1 =T — nF (1) o
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Fixed-Point Finding: Algorithm Comparison (20-dimension RPS, R?°)

Bl OGDA Adam mm Adamw IR Sophia

Single RPS (monotone, R*°)
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Some successful algorithms for (monotone) Vls

o Proximal Point Method:
. 1 _
Tt4+1 = argmin {f(m) + 2—77“1’ - xt”z} = a1 = (I +nF) " (z)

o Extragradient: .
wt = arg ?Ifél‘}(l {<77F(xt)ay> + Dh(’y,l‘t)}

Tiy1 = arg ;réi;g {(nF(wi),y) + Dn(y,z¢)}

o Splitting method:
decompose F into A+ B with (I + A)~'& (I + B)~! easy to get

o Brown-von Neumann-Nash:
game theory dynamics

@ Discounted Mirror Descent:
Nesterov dual averaging

Y.-W. Chen, C. Kizilkale, M. Arcak TMD: A Unifying Framework for Variational Inequalities April 20 5/15



Overview of our paper: target mirror descent (TMD)

o We propose the target mirror descent (TMD) framework, which
= stabilizes monotone Vls.

m corrects the update direction via a target point feedback mechanism.
m performs a unified convergence analysis.
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Overview of our paper: target mirror descent (TMD)

o We propose the target mirror descent (TMD) framework, which
m stabilizes monotone Vls.
m corrects the update direction via a target point feedback mechanism.
m performs a unified convergence analysis.

o We demonstrate that, by appropriate design choices, TMD subsumes
= proximal point algorithms

extragradient methods

splitting methods

BNN dynamics

forward-backward-forward dynamics

discounted mirror descent and its higher-order extension
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Overview of our paper: target mirror descent (TMD)

o We propose the target mirror descent (TMD) framework, which
m stabilizes monotone Vls.

m corrects the update direction via a target point feedback mechanism.
m performs a unified convergence analysis.

o We demonstrate that, by appropriate design choices, TMD subsumes
= proximal point algorithms

extragradient methods

splitting methods

BNN dynamics

forward-backward-forward dynamics

discounted mirror descent and its higher-order extension

o We study an ensemble version of TMD:

u parallel TMDs with a shared update direction
= owing to the decoupling structure of TMD
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Background for mirror descent

r-space z-space

Vh
Tt ' ,
Tip1 Vh*
| T mi
o % = Vh(z) Vh: mirror map

[ h* is the convex conjugate of h
W Vh* = (Vh)!
[l Gradients live in the dual space!

0 211 =2z —nVf(zy)
o zy11 = Vh*(241)
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Proposed target mirror descent (TMD)

o The proposed TMD:

2(t) = — Bo(x(1)),
(t) = Vh* (2(t)).

m ®: a surrogate function of F
m VAh*: mirror map
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Proposed target mirror descent (TMD)

o The proposed TMD:

2(t) = a(S(T(x(t)) = S(x(t))) — BL(z(1)),

z(t) = VA* (2(2)).
®: a surrogate function of F
Vh*: mirror map
S: mapping to dual space
T: a 'target’ mechanism that determines a target point T'(z(t))
S oT — S: feedback correction

T-space z-space
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Proposed TMD — graphical interpretation

T-space zZ-space

Interpretation Conditions on S, T', and ®:
o ®: a surrogate function of F o SOL(&X,®) C SOL(X, F)
o S: mapping to dual space o S is strongly monotone
o T: a 'target’ mechanism o T=(S+®+Ny)loS
o Jx € & variationally stable
(VS) wrt. @
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TMD as a unifying framework

S o a | f
Proximal Point Method Vh nk 110
Extragradient (EG) Vh —nF nkF 110
EG+ Vh —mF mF % 0
Douglas-Rachford Splitting! I Top — I 110
Forward-Backward Splitting 1 TF_B1 -1 110
Brown-von Neumann-Nash Vh excess payoff? %] 0
Forward-Backward-Forward I —nF nk 110
Discounted Mirror Descent w/ Vh nF v 10
calibration improvement Vh —nF nkF Y|y

!Splitting method: zp41 = Top(zy), where Top, € {TpRr, TFB }- Thus, ® is the resolvent operator.

2Excess payoff determines the target mechanism T'.
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Convergence analysis of TMD

Theorem
TMD asymptotically approaches SOL(X, ®).

o Lyapunov function: Bregman divergence.
o Barbalat's lemma shows: z(t) — T'(z(t)) — 0.
o Any fixed point of T is in SOL(X, ®).

If with a slightly stronger condition: SOL(X, ®) is VS w.r.t. ®, then

Corollary
With the above condition, TMD converges to z* € SOL(X, ®). J
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Ensemble TMD

o Multiple algorithms solve the same problem (in parallel) using distinct
mirror maps, while a shared ensemble state drives their dual updates.

o Formally, the ensemble TMD is

2t) = a(SoT — 8)(x™(t) — fo(a*(t), ='(0) € R,
z'(t) = V()" (2 (1)),

en 1 al k
x (t)=N;m(t).

o It is the decouple nature of (S, 7', ®) and mirror maps that enables
the ensemble TMD.
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Ensemble TMD performs geometric ensemble

The ensemble state z°" satisfies

£(t) = a(So T — S)(x™(¢t) — BR(z*(¢))
20(1) = V(h)*(2(¢)), with 2(0) =0,

for some synthesized mirror map h°".
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Simulation for ensemble TMD

Different test cases

Aligned with mirror map 1 Aligned with mirror map 2 Aligned with mirror map 3

—= h! (Ri=))
— = h? (Ry: 60° in xz)
—=h3 (R3: 60° in xy)
—— Ensemble
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Conclusion
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