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Abstract: We design a formation controller for Multi Agent Systems such that the agents can
form into the desired shape and track a given reference trajectory. The main feature of the
proposed design is that not only the orientation of individual agents, but also the orientation
of the whole formation is considered and is designed to be aligned with the moving direction of
the reference trajectory, which helps the tracking movement to be smoother compared with the
common tracking results. Moreover, the control inputs are designed in predefined input ranges
to reflect the practical system. System stability is proved based on nonlinear system theory and
some simulations are given to validate the proposed results.
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1. INTRODUCTION

Recently, Multi-Agent System (MAS) is extensively devel-
oped and many related topics are studied such as the con-
sensus algorithm (Qin et al. (2011), Ni and Cheng (2010),
and Meng et al. (2013)), communication topology (Li et al.
(2018); Tran and Yucelen (2016); Dong and Hu (2016);
Zhao (2018)), and formation control (Li et al. (2018), Zhao
et al. (2018)) , etc. By the rapidly development of hard-
ware and software, formation control of MAS possesses
great opportunities in practical applications. The main
target of formation control is to steer a group of agents
to form into some predefined formation and to perform
some desired tasks. Such control system includes system
model, communication graph, information measurement
property, and some additional performance requirements.
We briefly discuss the related works about formation con-
trol in the following. Global or centralized communications
are usually assumed in earlier works such as Leonard and
Fiorelli (2001). Recently, local or distributed communica-
tions are considered in Verginis et al. (2017), Oh and Ahn
(2014), Lin et al. (2014), and Sakurama (2016). Different
tasks such as rotation motion (Li et al. (2018)), obstacle
avoidance (Zhao et al. (2018)), constrained inputs (Yang
et al. (2014), Meng et al. (2013), Zhao et al. (2018)), time-
varying formation shape (Briñón-Arranz et al. (2014),
Tran and Yucelen (2016)), or connectivity preservation
(Verginis et al. (2017), Peng et al. (2019)), ..., etc, are
related topics in the design of formation control system.

In this paper, we design a new formation controller for a
MAS with numbered agents and random initial conditions
such that the system will form into the desired formation

shape and track a given reference trajectory. The main
feature of the proposed design is that the MAS orientation
is considered and is designed to be aligned with the
moving direction of the reference centroid, which leads to
a more “natural” tracking motion. While in the existing
results, such as Yu and Liu (2016), only the orientation of
individual agents are considered and the resultant tracking
movement. Furthermore, the designed control inputs are
constrained in some ranges, which is more practical. For
the considered formation tasks, a global reference frame is
usually required to obtain the descriptions of predefined
desired displacement vectors used for controller design,
such as Loria et al. (2014), Yu and Liu (2016), Tran and
Yucelen (2016), Ge and Han (2017), Li et al. (2017), Hua
et al. (2017), and Dong and Hu (2016).

In summary, the main contributions of this paper are
as follows. First, we propose a formation controller that
considers orientation alignment of the whole MAS in
addition to that of the individual agents, and thus a more
“natural” tracking motion can be achieved. Second, the
controller is implemented within the constrained linear
velocity and angular velocity, which is more practical in
real application, and is more involved in both design and
stability analysis.

This paper is organized as follows: in Section 2, we give the
problem description, and introduce some preliminaries and
descriptions of the desired formation. Section 3 formulates
the problem mathematically and some assumptions are
given. In Section 4, the considered objectives is designed
with the proposed controller and we show the stability
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form into the desired shape and track a given reference trajectory. The main feature of the
proposed design is that not only the orientation of individual agents, but also the orientation
of the whole formation is considered and is designed to be aligned with the moving direction of
the reference trajectory, which helps the tracking movement to be smoother compared with the
common tracking results. Moreover, the control inputs are designed in predefined input ranges
to reflect the practical system. System stability is proved based on nonlinear system theory and
some simulations are given to validate the proposed results.
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1. INTRODUCTION

Recently, Multi-Agent System (MAS) is extensively devel-
oped and many related topics are studied such as the con-
sensus algorithm (Qin et al. (2011), Ni and Cheng (2010),
and Meng et al. (2013)), communication topology (Li et al.
(2018); Tran and Yucelen (2016); Dong and Hu (2016);
Zhao (2018)), and formation control (Li et al. (2018), Zhao
et al. (2018)) , etc. By the rapidly development of hard-
ware and software, formation control of MAS possesses
great opportunities in practical applications. The main
target of formation control is to steer a group of agents
to form into some predefined formation and to perform
some desired tasks. Such control system includes system
model, communication graph, information measurement
property, and some additional performance requirements.
We briefly discuss the related works about formation con-
trol in the following. Global or centralized communications
are usually assumed in earlier works such as Leonard and
Fiorelli (2001). Recently, local or distributed communica-
tions are considered in Verginis et al. (2017), Oh and Ahn
(2014), Lin et al. (2014), and Sakurama (2016). Different
tasks such as rotation motion (Li et al. (2018)), obstacle
avoidance (Zhao et al. (2018)), constrained inputs (Yang
et al. (2014), Meng et al. (2013), Zhao et al. (2018)), time-
varying formation shape (Briñón-Arranz et al. (2014),
Tran and Yucelen (2016)), or connectivity preservation
(Verginis et al. (2017), Peng et al. (2019)), ..., etc, are
related topics in the design of formation control system.

In this paper, we design a new formation controller for a
MAS with numbered agents and random initial conditions
such that the system will form into the desired formation

shape and track a given reference trajectory. The main
feature of the proposed design is that the MAS orientation
is considered and is designed to be aligned with the
moving direction of the reference centroid, which leads to
a more “natural” tracking motion. While in the existing
results, such as Yu and Liu (2016), only the orientation of
individual agents are considered and the resultant tracking
movement. Furthermore, the designed control inputs are
constrained in some ranges, which is more practical. For
the considered formation tasks, a global reference frame is
usually required to obtain the descriptions of predefined
desired displacement vectors used for controller design,
such as Loria et al. (2014), Yu and Liu (2016), Tran and
Yucelen (2016), Ge and Han (2017), Li et al. (2017), Hua
et al. (2017), and Dong and Hu (2016).

In summary, the main contributions of this paper are
as follows. First, we propose a formation controller that
considers orientation alignment of the whole MAS in
addition to that of the individual agents, and thus a more
“natural” tracking motion can be achieved. Second, the
controller is implemented within the constrained linear
velocity and angular velocity, which is more practical in
real application, and is more involved in both design and
stability analysis.

This paper is organized as follows: in Section 2, we give the
problem description, and introduce some preliminaries and
descriptions of the desired formation. Section 3 formulates
the problem mathematically and some assumptions are
given. In Section 4, the considered objectives is designed
with the proposed controller and we show the stability
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analysis. In Section 5, we provide the simulation results.
The conclusion is given in Section 6.

2. PRELIMINARIES AND THE CONSIDERED
PROBLEM

Algebraic Graph Theory is used for the communication
topology in the MAS. We briefly give some definitions and
notations in the Preliminary.

2.1 Preliminaries

A directed graph G = (V,E) consists of a set of nodes V
and a set of directed edges E. A directed edge pointing
from Vj to Vk ∈ V is denoted as (k, j) ∈ E. The
adjacency matrix A has entries akj defined to be 1 if
(k, j) ∈ E and 0 otherwise. The in-degree matrix D is
a diagonal matrix with entries dkk defined as the number
of edges pointing toward the node-k. The Laplacian matrix
L is defined as D − A. In this paper, the graph G
represents the directed communication where nodes and
edges represent the agents and the information passing
directions, respectively. Define Nk as the set of nodes
with edge pointing toward agent-k, i.e., the neighbors
that the agent-k can receive information from, and |Nk|
as the total number of neighbors of agent-k. The planar
rotation matrix is denoted as R(φ) ∈ R2×2, which rotates
counterclockwise with the given angle φ. Let I2 be 2-by-2
identity matrix, and ⊗ be the Kronecker product.

2.2 The Considered Formation Problem

The objective of this paper is twofold. First, we want
to design a controller with saturated input which steers
the unicycle model based numbered MAS to (i) form into
predefined ordered formation, (ii) keep the centroid of such
desired formation tracking a given reference centroid tra-
jectory, and (iii) align its orientation with the trajectory’s
direction. We give the detailed problem formulation in the
following section.

3. PROBLEM FORMULATION

In this section, we first discuss the presentation of desired
formation, and then give the problem formulation mathe-
matically.

3.1 Description of the Desired Formation with Number
Orders

To facilitate the realization of the controller in each agent’s
local frame, we propose a frame-invariant descriptions
of desired numbered formation which is constructed as
follows. Given any desired numbered formation with N -
vertices, say Fig. 1, draw the vectors from the centroid to
each agent and denote it as the center vectors ck ∈ R2 for
k = 1, . . . , N . Let d∗k be the length of ck and φ∗

kj be the

desired relative phase (angle) between ck and cj , where
the term phase implies sign sensitivity, i.e., φ∗

kj = −φ∗
jk.

As a result, {d∗k, φ∗
kj} can be used to describe the desired

formation without considering a specific reference frame.

Fig. 1. The desired formation shape is given with order
1 − 2 − 3 − 4 − 5. The centroid is labeled by the
black square. The center vectors ck with arrows have
lengths d∗k, for k = 1, . . . , 5. The variable φ∗

kj is the
relative angle between ck and cj

3.2 Problem Formulation

Consider a MAS which consists of N agents with unicycle
model

ṙk = vk[cosψk, sinψk]
T , ψ̇k = ωk, (1)

where k = 1, 2, . . . , N , rk ∈ R2 and ψk ∈ (−π, π] are
agent-k’s position and heading, vk and ωk are scalar
inputs controlling linear and angular velocity, respec-
tively. Denote the index set N = {1, . . . , N}. Given a
directed communication graph G and the following in-
formation: [i1] descriptions of the desired numbered for-
mation {d∗k, φ∗

kj |∀k, j ∈ N , k �= j}, [i2] a smooth refer-

ence centroid trajectory r0 ∈ R2 which satisfies ṙ0 =
v0[cosψ0, sinψ0]

T , ψ̇0 = ω0, where v0 and ω0 are scalar
inputs, [i3] the desired constant phase φ∗

k used to maintain
the angle between ck and ṙ0, for k ∈ N , where φ∗

k and φ∗
j

always satisfy φ∗
k −φ∗

j = φ∗
kj , for k, j ∈ N , i.e., for k ∈ N ,

we want ck to be aligned to the direction of desired unit
center vector

c∗k := [cos (ψ0 + φ∗
k), sin (ψ0 + φ∗

k)]
T ,

Note that aligning ck to c∗k is the essential factor to achieve
MAS orientation alignment. Compared with the existing
results, we additionally consider tracking of ψ0 from ṙ0
which leads to the more “natural” tracking motion.

As a result, we want to design the constrained control
inputs vk and ωk with measurable information through
G such that

rk → r0 + d∗kc
∗
k (2)

asymptotically, for k ∈ N . Here, the control inputs are
constrained to specific input ranges vk ∈ [v−, v+] and
ωk ∈ [ω−, ω+] with predefined constants v−, ω− < 0
and v+, ω+ > 0. The right hand side of (2) is agent-k’s
desired trajectory which includes the tasks mentioned in
Subsection 2.2. More precisely, d∗k and φ∗

k relate to task
(i), r0 relates to task (ii), ψ0+φ∗

k relates to task (iii). It is
worth mentioning that the information given in [i2] - [i4]
is “not” accessible to all agents and is obtained through
the communication links. In general, only one agent will
receive these exogenous information, and the rest of agents
are required to estimate them. To solve the considered
problem, the following assumptions are made:
(A1) The directed graph G is strongly connected. More-
over, at least one agent can receive the reference informa-
tion, say r0, ψ0, which is interpreted by a diagonal matrix
B with entries bkk be 1 if agent-k can access to reference

and 0 otherwise.
(A2) v0, ω0 are smooth and bounded: v0 ∈ [v−0 , v

+
0 ] and

ω0 ∈ [ω−
0 , ω

+
0 ] with constants v−0 , ω

−
0 < 0 and v+0 , ω

+
0 > 0.

Moreover, v−0 > v−, v+0 < v+ and ω−
0 > ω−, ω+

0 < ω+,
where v−, v+, ω−, ω+ are specified in [A5].
(A3) v̇0, ω̇0 are bounded ∀t ≥ 0.
(A4) || ddt (r0 + d∗kc

∗
k)|| �= 0 for k ∈ N , ∀t ≥ 0. Moreover,

assume that

v+ > supk∈N ,t≥0 [vmax + d∗kωmax] := v̌+

ω+ > supk∈N ,t≥0 Fk(t) := ω̌+

v− < − supk∈N ,t≥0 [vmax + d∗kωmax] := v̌−

ω− < infk∈N ,t≥0 Fk(t) := ω̌−

holds, where vmax = max(|v−0 |, |v
+
0 |) and ωmax =

max(|ω−
0 |, |ω

+
0 |). Moreover, Fk =

r̈∗T
k R(π

2 )ṙ∗
k

ṙ∗T
k

ṙ∗
k

where ṙ∗k =
d
dt

(
r0 + d∗kc

∗
k

)
.

Note that ṙ∗k and Fk are agent-k’s desired linear and
angular velocity, respectively, where ṙ∗k is from (2) and the
derivation of Fk can be referred to Briñón-Arranz et al.
(2009).

4. CONTROLLER DESIGN AND STABILITY
ANALYSIS

We design the problem in three steps. In the first step, we
propose an adaptive law to estimate c∗k, for k ∈ N . Recall
that c∗k is considered for MAS orientation alignment task,
and ψ0 is only accessible to few agents under assumption
(A1). Therefore, an adaptive estimation law is designed to
estimate c∗k via given φ∗

kj , where agent-j is the neghbor
of agent-k. In the second step, we design the consensus
algorithms and an observer for each agent to estimate the
reference centroid velocity ṙ0, and the desired position
errors. Here, the design of the adaptive law and the
consensus algorithms are mainly inspired from the second
order consensus algorithm in Ren (2007). In the third step,
we derive a constrained controller to achieve (2) based on
the estimations in the first and second step.

For consistence, we denote the reference information by
behaviors of agent-0, and N̄k as the extended set of Nk

which additionally considers whether agent-k can receive
information from agent-0 or not. Before proceeding to the
three steps, we give the following lemma which comes form
(A1) and will be used in the design:

Lemma 1. (Wen et al. (2018)). Given a directed commu-
nication graph G with its corresponding Laplacian ma-
trix L. Then, under assumption (A1), all eigenvalues of
L̄ := L+B are positive.

4.1 Adaptive Estimation of Center Vector

Recall that c∗k = [cos (ψ0 + φ∗
k), sin (ψ0 + φ∗

k)]
T stands for

the MAS orientation alignment task, where c∗k cannot be
pre-given since it varies with ψ0. Under assumption [A1],
ψ0 is not accessible to all agents, therefore, we need to
estimate ck. Let ĉk ∈ R2 be the estimation of c∗k. In the
following lemma, an adaptive estimation of ĉk is proposed
based on measurements through G and φ∗

kj .

Lemma 2. Given the communication graph G, ψ0, and
constant φ∗

k for k ∈ N . With assumptions [A1]-[A3], the
update law

˙̂ck = ẑk

˙̂zk =
1

|N̄k|
∑
j∈N̄k

R(φ∗
kj)

˙̂zj +
α1

|N̄k|
∑
j∈N̄k

(R(φ∗
kj)ẑj − ẑk)

+
α2

|N̄k|
∑
j∈N̄k

(R(φ∗
kj)ĉj − ĉk) (3)

will drive ĉk → c∗k exponentially, for k ∈ N , where
αi > 0, i = 1, 2. Here, φ∗

k0 = φ∗
k, ĉ0 = [cosψ0, sinψ0]

T ,

ẑ0 = ˙̂c0, ˙̂z0 = ¨̂c0, stand for the behavior of reference
trajectory from agent-0.

Proof. Let pk = R(−φ∗
k)ĉk, qk = R(−φ∗

k)
˙̂ck, and p0 =

ĉ0. Pre-multiply R(−φ∗
k) to both sides of (3), then (3)

becomes

ṗk = qk

q̇k =
1

|N̄k|
∑
j∈N̄k

[
q̇j + α1(qj − qk) + α2(pj − pk)

]
. (4)

Based on (4), the remaining proof follows the procedures
in the proof of Theorem 3.3, Ren (2007). Define p̄ =
[p̄T

1 , . . . , p̄
T
N ]T ∈ R2N where p̄k = pk − p0, and p̃ = (L̄ ⊗

I2)p̄ ∈ R2N . Then, (4) is equivalent to ¨̃p+α1
˙̃p+α2p̃ = 0.

By αi > 0, i = 1, 2 and Hurwitz property, p̃ exponentially
converges to 0. Moreover, L̄ is invertible from Lemma 1
which leads to p̄ → 0 exponentially. As a result, ĉk →
c∗k = [cos (ψ0 + φ∗

k), sin (ψ0 + φ∗
k)]

T exponentially.

4.2 Consensus Algorithm

By (A1), v0 and ψ0 are only accessible to a few agents,

therefore, v̂k, and ψ̂k, k = 1, . . . , N , are introduced to
estimate v0, and ψ0, respectively. Moreover, consider (2)
and let the desired position error

ek = (r0 + d∗kc
∗
k)− rk (5)

for k ∈ N , where r0 and ψ0 are only accessible to some
agents. In this case, êk is introduced to estimate ek by an
observer. The consensus algorithms and the observer are
derived in the following lemma.

Lemma 3. Given the graph G, the descriptions of desired
numbered formation {d∗k, φ∗

kj}, the reference centroid tra-

jectory r0 and its velocity ṙ0. With assumptions (A1)-
(A3), the following estimation laws

˙̂vk =
1

|N̄k|
∑
j∈N̄k

˙̂vj +
β1

|N̄k|
∑
j∈N̄k

(v̂j − v̂k) (6)

˙̂
ψk =

1

|N̄k|
∑
j∈N̄k

˙̂
ψj +

β2

|N̄k|
∑
j∈N̄k

(ψ̂j − ψ̂k) (7)

˙̂ek = β3

∑
j∈N̄k

[
êj − êk + rj − rk + d∗kĉk − d∗j ĉj

]

+ v̂ku(ψ̂k)− vku(ψk) + d∗k
˙̂ck + d∗kĉk (8)

will drive v̂k → v0, ψ̂k → ψ0,
˙̂
ψk → ω0, and

êk → ek, exponentially, for k ∈ N . Here, we define
u(ψ) = [cosψ, sinψ]T , βi > 0, i = 1, 2, 3, are design

constants. Moreover, ˙̂v0, v̂0,
˙̂
ψ0, ψ̂0, ê0, d

∗
0 are equal to
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and 0 otherwise.
(A2) v0, ω0 are smooth and bounded: v0 ∈ [v−0 , v

+
0 ] and

ω0 ∈ [ω−
0 , ω

+
0 ] with constants v−0 , ω

−
0 < 0 and v+0 , ω

+
0 > 0.

Moreover, v−0 > v−, v+0 < v+ and ω−
0 > ω−, ω+

0 < ω+,
where v−, v+, ω−, ω+ are specified in [A5].
(A3) v̇0, ω̇0 are bounded ∀t ≥ 0.
(A4) || ddt (r0 + d∗kc

∗
k)|| �= 0 for k ∈ N , ∀t ≥ 0. Moreover,

assume that

v+ > supk∈N ,t≥0 [vmax + d∗kωmax] := v̌+

ω+ > supk∈N ,t≥0 Fk(t) := ω̌+

v− < − supk∈N ,t≥0 [vmax + d∗kωmax] := v̌−

ω− < infk∈N ,t≥0 Fk(t) := ω̌−

holds, where vmax = max(|v−0 |, |v
+
0 |) and ωmax =

max(|ω−
0 |, |ω

+
0 |). Moreover, Fk =

r̈∗T
k R(π

2 )ṙ∗
k

ṙ∗T
k

ṙ∗
k

where ṙ∗k =
d
dt

(
r0 + d∗kc

∗
k

)
.

Note that ṙ∗k and Fk are agent-k’s desired linear and
angular velocity, respectively, where ṙ∗k is from (2) and the
derivation of Fk can be referred to Briñón-Arranz et al.
(2009).

4. CONTROLLER DESIGN AND STABILITY
ANALYSIS

We design the problem in three steps. In the first step, we
propose an adaptive law to estimate c∗k, for k ∈ N . Recall
that c∗k is considered for MAS orientation alignment task,
and ψ0 is only accessible to few agents under assumption
(A1). Therefore, an adaptive estimation law is designed to
estimate c∗k via given φ∗

kj , where agent-j is the neghbor
of agent-k. In the second step, we design the consensus
algorithms and an observer for each agent to estimate the
reference centroid velocity ṙ0, and the desired position
errors. Here, the design of the adaptive law and the
consensus algorithms are mainly inspired from the second
order consensus algorithm in Ren (2007). In the third step,
we derive a constrained controller to achieve (2) based on
the estimations in the first and second step.

For consistence, we denote the reference information by
behaviors of agent-0, and N̄k as the extended set of Nk

which additionally considers whether agent-k can receive
information from agent-0 or not. Before proceeding to the
three steps, we give the following lemma which comes form
(A1) and will be used in the design:

Lemma 1. (Wen et al. (2018)). Given a directed commu-
nication graph G with its corresponding Laplacian ma-
trix L. Then, under assumption (A1), all eigenvalues of
L̄ := L+B are positive.

4.1 Adaptive Estimation of Center Vector

Recall that c∗k = [cos (ψ0 + φ∗
k), sin (ψ0 + φ∗

k)]
T stands for

the MAS orientation alignment task, where c∗k cannot be
pre-given since it varies with ψ0. Under assumption [A1],
ψ0 is not accessible to all agents, therefore, we need to
estimate ck. Let ĉk ∈ R2 be the estimation of c∗k. In the
following lemma, an adaptive estimation of ĉk is proposed
based on measurements through G and φ∗

kj .

Lemma 2. Given the communication graph G, ψ0, and
constant φ∗

k for k ∈ N . With assumptions [A1]-[A3], the
update law

˙̂ck = ẑk

˙̂zk =
1

|N̄k|
∑
j∈N̄k

R(φ∗
kj)

˙̂zj +
α1

|N̄k|
∑
j∈N̄k

(R(φ∗
kj)ẑj − ẑk)

+
α2

|N̄k|
∑
j∈N̄k

(R(φ∗
kj)ĉj − ĉk) (3)

will drive ĉk → c∗k exponentially, for k ∈ N , where
αi > 0, i = 1, 2. Here, φ∗

k0 = φ∗
k, ĉ0 = [cosψ0, sinψ0]

T ,

ẑ0 = ˙̂c0, ˙̂z0 = ¨̂c0, stand for the behavior of reference
trajectory from agent-0.

Proof. Let pk = R(−φ∗
k)ĉk, qk = R(−φ∗

k)
˙̂ck, and p0 =

ĉ0. Pre-multiply R(−φ∗
k) to both sides of (3), then (3)

becomes

ṗk = qk

q̇k =
1

|N̄k|
∑
j∈N̄k

[
q̇j + α1(qj − qk) + α2(pj − pk)

]
. (4)

Based on (4), the remaining proof follows the procedures
in the proof of Theorem 3.3, Ren (2007). Define p̄ =
[p̄T

1 , . . . , p̄
T
N ]T ∈ R2N where p̄k = pk − p0, and p̃ = (L̄ ⊗

I2)p̄ ∈ R2N . Then, (4) is equivalent to ¨̃p+α1
˙̃p+α2p̃ = 0.

By αi > 0, i = 1, 2 and Hurwitz property, p̃ exponentially
converges to 0. Moreover, L̄ is invertible from Lemma 1
which leads to p̄ → 0 exponentially. As a result, ĉk →
c∗k = [cos (ψ0 + φ∗

k), sin (ψ0 + φ∗
k)]

T exponentially.

4.2 Consensus Algorithm

By (A1), v0 and ψ0 are only accessible to a few agents,

therefore, v̂k, and ψ̂k, k = 1, . . . , N , are introduced to
estimate v0, and ψ0, respectively. Moreover, consider (2)
and let the desired position error

ek = (r0 + d∗kc
∗
k)− rk (5)

for k ∈ N , where r0 and ψ0 are only accessible to some
agents. In this case, êk is introduced to estimate ek by an
observer. The consensus algorithms and the observer are
derived in the following lemma.

Lemma 3. Given the graph G, the descriptions of desired
numbered formation {d∗k, φ∗

kj}, the reference centroid tra-

jectory r0 and its velocity ṙ0. With assumptions (A1)-
(A3), the following estimation laws

˙̂vk =
1

|N̄k|
∑
j∈N̄k

˙̂vj +
β1

|N̄k|
∑
j∈N̄k

(v̂j − v̂k) (6)

˙̂
ψk =

1

|N̄k|
∑
j∈N̄k

˙̂
ψj +

β2

|N̄k|
∑
j∈N̄k

(ψ̂j − ψ̂k) (7)

˙̂ek = β3

∑
j∈N̄k

[
êj − êk + rj − rk + d∗kĉk − d∗j ĉj

]

+ v̂ku(ψ̂k)− vku(ψk) + d∗k
˙̂ck + d∗kĉk (8)

will drive v̂k → v0, ψ̂k → ψ0,
˙̂
ψk → ω0, and

êk → ek, exponentially, for k ∈ N . Here, we define
u(ψ) = [cosψ, sinψ]T , βi > 0, i = 1, 2, 3, are design

constants. Moreover, ˙̂v0, v̂0,
˙̂
ψ0, ψ̂0, ê0, d

∗
0 are equal to
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v̇0, v0, ψ̇0, ψ0, [0, 0]
T , 0, respectively. Note that the index 0

represents the reference.

Proof. To prove that ṽ → 0, ψ̂k → ψ0, we once again
follow the proof of Theorem 3.3 in Ren (2007). Define v̄ =
[v̄1, . . . , v̄N ]T ∈ RN where v̄k = v̂k−v0, and ṽ = L̄v̄ ∈ RN .

Then, (6) is equivalent to ˙̃v + β1ṽ = 0 with β1 > 0 which
implies ṽ → 0 exponentially. Moreover, Lemma 1 states
that L̄ is invertible which leads to v̄ → 0 exponentially.

Similarly, (7) proves that ψ̂k → ψ0 exponentially.

Based on Lemma 2 and (8), we can prove êk → ek
exponentially. Define ε = [εT1 , . . . , ε

T
N ]T ∈ R2N where εk =

êk − ek − d∗k(ĉk − c∗k) ∈ R2, and δ = [δT1 , . . . , δ
T
N ]T ∈ R2N

where δk = v̂ku(ψ̂k)− v0u(ψ0) ∈ R2. Then, we have

ε̇ = −β3(L̄⊗ I2)ε+ δ. (9)

Note that ||δk|| = ||(v̂k−v0)u(ψ̂k)−v0(u(ψ0)−u(ψ̂k))|| ≤
||v̂k − v0|| + |v0|||u(ψ0) − u(ψ̂k)||, and by (A2) and Lips-
chitz continuous of sin(·) and cos(·), ||δk|| ≤ ||v̂k − v0|| +√
2v+||ψ̂k − ψ0||. As a result, δ → 0 exponentially. More-

over, from Lemma 1, all eigenvalues of L̄⊗I2 are positive.
Thus, êk → ek exponentially.

4.3 Constrained Control Input and Stability Analysis

The last step is to design the control laws vk, ωk such
that êk → 0 for k ∈ N . Then, with the aid of êk → ek
in Lemma 3, ek → 0 is achieved. A design method is by
second order dynamics equation, ¨̂ek + a1 ˙̂ek + a2êk = 0
with a1, a2 > 0, as in Briñón-Arranz et al. (2014). The
feasibility is guaranteed since the error equation can be
rearranged into v̇ku(ψk) + ωkvkR(π2 )u(ψk) = f(·), where
f(·) is not a function of v̇k and ωk. Thus, v̇k and ωk are

designed as fTu and 1
vk
fT (Ru), respectively. However, in

such design, vk may be close to 0 which makes ωk large,
namely, saturation is not addressed in such design. As
a result, a coordination transformation is applied in this
paper and thus the saturation of vk and ωk can be directly
dealt with. To facilitate the design, we first describe agent-
k’s desired velocity in unicycle form.

By Lemma 2 and 3, v̂ku(ψ̂k) + d∗k
˙̂ck exponentially con-

verges to v0u(ψ0) + d∗kċ
∗
k, which is agent-k’s desired ve-

locity and is equal to the derivative of the right hand

side of (2). Hence, let v̌k[cos ψ̌k, sin ψ̌k]
T , ˙̌ψk(= ω̌k), and

v̌∗k[cos ψ̌
∗
k, sin ψ̌

∗
k]

T , ˙̌ψ∗
k(= ω̌∗

k) be the unicycle form of

v̂ku(ψ̂k)+d∗k
˙̂ck and v0u(ψ0)+d∗kċ

∗
k, respectively. Note that,

v̌k and ω̌k are the accessible estimated desired velocity for
agent-k which will exponentially converge to the desired
v̌∗k and ω̌∗

k, respectively.

With the unicycle form of agents’ desired velocities, we can
derive the transformation as follows. Define [x̃k, ỹk]

T :=
R(−ψk)êk ∈ R2 as the transformed desired position error

with respect to agent-k’s moving direction, and ψ̃k :=
ψ̌k − ψk ∈ R as agent-k’s heading error. Then, the error
dynamics of [x̃k, ỹk, ψ̃k]

T is derived with (8) as


˙̃xk
˙̃yk
˙̃
ψk


 =



ωkỹk + v̌k cos ψ̃k − vk
−ωkx̃k + v̌k sin ψ̃k

ω̌k − ωk


+

[
gxk
gyk
0

]
, (10)

where [gxk , g
y
k ]

T = β3R(−ψk)
∑

j∈N̄k
(êj − êk + rj − rk +

d∗kĉk − d∗j ĉj) ∈ R2, for k ∈ N . As shorthands, the
first and second part in the right hand side of (10) are
denoted as fk(·) and gk(·), respectively. In the following,
we first consider gk(·) as a perturbation and design vk
and ωk in (10) with gk(·) ≡ 0. Then, we prove that gk(·)
asymptotically converges. Note that the perturbation term
contains state information. To show the convergence of
(10), a supporting lemma is stated as follows.

Lemma 4. Consider (10). Suppose (i) the unforced system,
i.e., when gk(·) ≡ 0, is GAS in χ, (ii) gk(·) globally
asymptotically converges to 0 in χ, and (iii) the solution
of (10) is bounded. Then, the system (10) is GAS in χ,

where χ = {(x̃k, ỹk, ψ̃k)|x̃k ∈ R, ỹk ∈ R, ψ̃k ∈ (−π, π]}.

Proof. This lemma can be obtained from the main theo-
rem in Sontag (1989).

The main result is shown as follows.

Theorem 5. Given the communication graph G, the de-
scriptions of desired numbered formation {d∗k, φ∗

kj}, the
reference centroid trajectory r0 with its velocity ṙ0, the
desired relative phase φ∗

k between ck and ṙ0 for k ∈ N . If
assumptions (A1)-(A4) are satisfied, then by the control
laws designed above and the constrained control law

ωk = satW(ω̌k) +
satV(v̌k)ỹk(2− cos ψ̃k)

γ1 +
1
2 x̃

2
k + 1

2 ỹ
2
k

+ satϑ(γ2 sin ψ̃k)

vk = satV(v̌k) cos ψ̃k + satX (γ3x̃k), (11)

the control objective (2) is achieved. Here satI(c) is a
saturation function which projects scalar c into the sat-
urated interval I, and W = [ω̌−, ω̌+], V = [v̌−, v̌+],
X = [−vgap, vgap] where vgap = min (v̌− − v−, v+ − v̌+).
Besides, γ2, γ3 are arbitrary positive constants, while in-
terval ϑ and positive constant γ1 are design parameters to
ensure ωk ∈ [ω−, ω+].

Proof. The considered space χ is defined as in Lemma
4. Rewrite (10) and add a small perturbation ∆̃k with

bounded ˙̃∆k in finite time period, we have

˙̃xk
˙̃yk
˙̃
ψk


 =



ωkỹk + satV(v̌k) cos ψ̃k − vk
−ωkx̃k + satV(v̌k) sin ψ̃k

satW(ω̌k)− ωk


+

[
gxk
gyk
0

]

+



[v̌k − satV(v̌k)] cos ψ̃k

[v̌k − satV(v̌k)] sin ψ̃k

ω̌k − satW(ω̌k)


+ ∆̃k. (12)

Consider the right hand side of (12), where the first term
is viewed as the unforced system with the rest three being
perturbed inputs and denoted as gk(·), sk(·), and ∆̃k(·),
respectively. In the following, the proof is given in three
steps. We first show the unforced system is GAS with (11).
Then, we prove the asymptotically convergences of the
three perturbed inputs. Third, we prove the boundedness
of (12). Lastly, Lemma 4 is applied to prove the GAS of
(12).

Consider the unforced system of (12), i.e., gk(·) = sk(·) =
∆̃k(·) ≡ 0, and a Lyapunov function candidate Vk as
follows:

Vk =
1

2
(x̃2

k + ỹ2k) + (γ1 +
1

2
x̃2
k +

1

2
ỹ2k)(1− cos ψ̃k). (13)

Derive the time derivative of Vk, and we have

V̇k =
[
satV(v̌k) cos ψ̃k − vk

]
akx̃k

+ bk sin ψ̃k

[
satW(ω̌k)− ωk +

satV(v̌k)akỹk
bk

]

= −akx̃ksatX (γ3x̃k)− bk sin ψ̃ksatϑ(γ2 sin ψ̃k), (14)

where ak = 2 − cos ψ̃k > 0, bk = (γ1 + 1
2 x̃

2
k + 1

2 ỹ
2
k) > 0.

Suppose the interval I ranges from a negative number to
a positive number, then csatI(c) ≥ 0 and csatI(c) = 0
if and only if c = 0. Moreover, satI(c) is uniformly
continuous by definition. Thus, Vk is lower bounded,
V̇k ≤ 0, and V̇k is uniformly continuous. As a result, by
Lyapunov theorem and Invariance principle, V̇k → 0 is
guaranteed, which implies x̃k → 0 and ψ̃k → 0. Since
x̃k → 0 means the limit exists, once again we consider the
uniformly continuity of ˙̃xk. Then, by Barbalat’s lemma,
˙̃xk → 0 and thus ỹk → 0. Therefore, the unforced system
is proved to be GAS in χ.

The next step is to show that the three perturbed inputs
gk, sk, and ∆̃k, which come from estimation error, satura-
tion error, and singularity error, respectively, will converge
to 0. For gk, consider its magnitude

||gk|| = β3||
∑
j∈N̄k

(êj − êk + rj − rk + d∗kĉk − d∗j ĉj)||

= β3||
∑
j∈N̄k

(εj − εk)||, (15)

where εk has been proved to be exponentially converged to
0 by (9). Thus, ||gk|| → 0 exponentially. For sk, consider
its magnitude, ||sk|| = ||[v̌k − satV(v̌k), ω̌k − satW(ω̌k)]

T ||.
Thus, ||sk|| ≤ ||[v̌k − v̌∗k, ω̌k − ω̌∗

k]
T || since v̌∗k ∈ V and

ω̌∗
k ∈ W. By lemma 2 and 3, v̂ku(ψ̂k)+ d∗k

˙̂ck → v0u(ψ0)+
d∗kċ

∗
k exponentially, or equivalently, v̌k → v̌∗k and ω̌k → ω̌∗

k

exponentially. Thus, ||sk|| → 0 exponentially. For ∆̃k, it

exists within finite time period, i.e., ∆̃k ≡ 0 ∀t ≥ T ,
where the relation between ∆̃k and ∆k is that ∆̃k =[
[R(−ψk)∆k]

T , 0
]T

.

The final step is to show the boundedness of trajectory in
(12). Consider the Lyapunov candidate function (13) and
derive its time derivative along the whole system (12), then
we have

V̇k = −akx̃ksatX (γ3x̃k)− bk sin ψ̃ksatϑ(γ2 sin ψ̃k)

+∇Vk
T (gk + sk + ∆̃k), (16)

where ∇Vk = [akx̃k, akỹk, bk sin ψ̃k]
T with loose bound:

||∇Vk|| ≤
√
9(x̃2

k + ỹ2k) +
(
γ1 +

1

2
x̃2
k +

1

2
ỹ2k
)2

≤

√
9

x̃2
k + ỹ2k

+
( γ1
x̃2
k + ỹ2k

+
1

2

)2

Vk (17)

Thus, ||∇Vk|| ≤ c1 if x̃2
k + ỹ2k ≤ µ and ||∇Vk|| ≤ c2Vk

if x̃2
k + ỹ2k >= µ for some positive constants c1, c2, µ. As

a result, ||∇Vk|| ≤ c2Vk + c1 is derived. Then, by (16),

we have V̇k ≤ (c2Vk + c1)||gk + sk + ∆̃k||. Rearrange and
integrate both side from 0 to t as follows:

(a) Desired formation shape (b) Communication links

Fig. 2. The desired shape and the communication graph.
∫ t

0

V̇k

c2Vk + c1
dτ ≤

∫ t

0

||gk + sk + ∆̃k|| dτ

1

c2

[
ln (c2Vk + c1)

]t
0
≤

∫ ∞

0

||gk + sk + ∆̃k|| dτ (18)

Recall that ||gk|| → 0, ||sk|| → 0 exponentially and

||∆̃k|| → 0 in finite time with small ∆̃k and bounded
derivative when t < T . Thus, all of them are integrable,
i.e.,

∫∞
0

||gk + sk + ∆̃k|| dτ = c3 < ∞. By (18),

Vk(t) ≤
[c2Vk(0) + c1]e

c2c3 − c1
c2

(19)

and this proves the boundedness of (12).

By the above three steps and Lemma 4, (12) is GAS in
χ and hence êk converges to 0. Moreover, by Lemma
2 and Lemma 3, êk → ek is proved. As a result, ek
asymptotically converges to 0 for all k and this completes
the proof.

5. SIMULATION RESULTS

In this section, we provide a simulation example for a MAS
with 5 numbered agents. The communication graph is
shown in Fig. 2b, where the index 0 refers to the reference
information. Here we consider ṙ0 = 0.5[cosψ0, sinψ0]

T ,

ψ̇0 = 0.01, r0(0) = [−4,−3]T . The agents’ initial positions
and headings are randomly selected. The simulation result
is shown in the left hand side of Fig. 3, where the MAS
forms into the desired numbered formation, keeps its
centroid tracking r0, aligns the orientation to the direction
of ṙ0 during tracking, and dynamically scales smaller
to pass through the valley by G0. In comparison, here
we also show the MAS movement without orientation
alignment, which is the case in most of the existing works.
Such situation can be regarded as a special case of our
design where ĉ0 in (3) is a predefined constant without
considering ṙ0, which results in fixed orientation of MAS.
As we can see in Fig. 3, our proposed result performs more
“natural” tracking movements.

Fig. 3. (Left)MAS movement with orientation alignment
and (Right)without orientation alignment.
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Derive the time derivative of Vk, and we have

V̇k =
[
satV(v̌k) cos ψ̃k − vk

]
akx̃k

+ bk sin ψ̃k

[
satW(ω̌k)− ωk +

satV(v̌k)akỹk
bk

]

= −akx̃ksatX (γ3x̃k)− bk sin ψ̃ksatϑ(γ2 sin ψ̃k), (14)

where ak = 2 − cos ψ̃k > 0, bk = (γ1 + 1
2 x̃

2
k + 1

2 ỹ
2
k) > 0.

Suppose the interval I ranges from a negative number to
a positive number, then csatI(c) ≥ 0 and csatI(c) = 0
if and only if c = 0. Moreover, satI(c) is uniformly
continuous by definition. Thus, Vk is lower bounded,
V̇k ≤ 0, and V̇k is uniformly continuous. As a result, by
Lyapunov theorem and Invariance principle, V̇k → 0 is
guaranteed, which implies x̃k → 0 and ψ̃k → 0. Since
x̃k → 0 means the limit exists, once again we consider the
uniformly continuity of ˙̃xk. Then, by Barbalat’s lemma,
˙̃xk → 0 and thus ỹk → 0. Therefore, the unforced system
is proved to be GAS in χ.

The next step is to show that the three perturbed inputs
gk, sk, and ∆̃k, which come from estimation error, satura-
tion error, and singularity error, respectively, will converge
to 0. For gk, consider its magnitude

||gk|| = β3||
∑
j∈N̄k

(êj − êk + rj − rk + d∗kĉk − d∗j ĉj)||

= β3||
∑
j∈N̄k

(εj − εk)||, (15)

where εk has been proved to be exponentially converged to
0 by (9). Thus, ||gk|| → 0 exponentially. For sk, consider
its magnitude, ||sk|| = ||[v̌k − satV(v̌k), ω̌k − satW(ω̌k)]

T ||.
Thus, ||sk|| ≤ ||[v̌k − v̌∗k, ω̌k − ω̌∗

k]
T || since v̌∗k ∈ V and

ω̌∗
k ∈ W. By lemma 2 and 3, v̂ku(ψ̂k)+ d∗k

˙̂ck → v0u(ψ0)+
d∗kċ

∗
k exponentially, or equivalently, v̌k → v̌∗k and ω̌k → ω̌∗

k

exponentially. Thus, ||sk|| → 0 exponentially. For ∆̃k, it

exists within finite time period, i.e., ∆̃k ≡ 0 ∀t ≥ T ,
where the relation between ∆̃k and ∆k is that ∆̃k =[
[R(−ψk)∆k]

T , 0
]T

.

The final step is to show the boundedness of trajectory in
(12). Consider the Lyapunov candidate function (13) and
derive its time derivative along the whole system (12), then
we have

V̇k = −akx̃ksatX (γ3x̃k)− bk sin ψ̃ksatϑ(γ2 sin ψ̃k)

+∇Vk
T (gk + sk + ∆̃k), (16)

where ∇Vk = [akx̃k, akỹk, bk sin ψ̃k]
T with loose bound:

||∇Vk|| ≤
√
9(x̃2

k + ỹ2k) +
(
γ1 +

1

2
x̃2
k +

1

2
ỹ2k
)2

≤

√
9

x̃2
k + ỹ2k

+
( γ1
x̃2
k + ỹ2k

+
1

2

)2

Vk (17)

Thus, ||∇Vk|| ≤ c1 if x̃2
k + ỹ2k ≤ µ and ||∇Vk|| ≤ c2Vk

if x̃2
k + ỹ2k >= µ for some positive constants c1, c2, µ. As

a result, ||∇Vk|| ≤ c2Vk + c1 is derived. Then, by (16),

we have V̇k ≤ (c2Vk + c1)||gk + sk + ∆̃k||. Rearrange and
integrate both side from 0 to t as follows:

(a) Desired formation shape (b) Communication links

Fig. 2. The desired shape and the communication graph.
∫ t

0

V̇k

c2Vk + c1
dτ ≤

∫ t

0

||gk + sk + ∆̃k|| dτ

1

c2

[
ln (c2Vk + c1)

]t
0
≤

∫ ∞

0

||gk + sk + ∆̃k|| dτ (18)

Recall that ||gk|| → 0, ||sk|| → 0 exponentially and

||∆̃k|| → 0 in finite time with small ∆̃k and bounded
derivative when t < T . Thus, all of them are integrable,
i.e.,

∫∞
0

||gk + sk + ∆̃k|| dτ = c3 < ∞. By (18),

Vk(t) ≤
[c2Vk(0) + c1]e

c2c3 − c1
c2

(19)

and this proves the boundedness of (12).

By the above three steps and Lemma 4, (12) is GAS in
χ and hence êk converges to 0. Moreover, by Lemma
2 and Lemma 3, êk → ek is proved. As a result, ek
asymptotically converges to 0 for all k and this completes
the proof.

5. SIMULATION RESULTS

In this section, we provide a simulation example for a MAS
with 5 numbered agents. The communication graph is
shown in Fig. 2b, where the index 0 refers to the reference
information. Here we consider ṙ0 = 0.5[cosψ0, sinψ0]

T ,

ψ̇0 = 0.01, r0(0) = [−4,−3]T . The agents’ initial positions
and headings are randomly selected. The simulation result
is shown in the left hand side of Fig. 3, where the MAS
forms into the desired numbered formation, keeps its
centroid tracking r0, aligns the orientation to the direction
of ṙ0 during tracking, and dynamically scales smaller
to pass through the valley by G0. In comparison, here
we also show the MAS movement without orientation
alignment, which is the case in most of the existing works.
Such situation can be regarded as a special case of our
design where ĉ0 in (3) is a predefined constant without
considering ṙ0, which results in fixed orientation of MAS.
As we can see in Fig. 3, our proposed result performs more
“natural” tracking movements.

Fig. 3. (Left)MAS movement with orientation alignment
and (Right)without orientation alignment.
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6. CONCLUSION

In this paper, we design a new formation controller that
considers MAS orientation alignment and thus the track-
ing motion is more natural than the results in the existing
works. The numbered MAS is subject to nonholonomic
constraint, and linear and angular velocity input con-
straints. Moreover, the proposed adaptive estimation law,
consensus algorithms and constrained control inputs are
shown to be stable by theory. As a result, for arbitrarily
given initial conditions, the MAS forms into a desired
shape whose centroid tracks the reference trajectory, and
the MAS orientation is aligned with the moving direction
of the reference centroid as shown in Fig. 3, which leads to
a smoother movement compared with the existing works.
In future work, formation control with obstacle avoidance
is an interesting direction to be studied.
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